
ANALYSIS OF THREE-DIMENSIONAL STRUCTURES
IN COMPLEX TURBULENT FLOWS
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The basic integral relations used in analyzing various images of flows are given. The differences in the Abel
transform for laminar and turbulent flows have been shown. The integral Uberoi–Kovasznay transform used
in analyzing direct-shadow images of turbulent flows has been described. The present possibilities of digital
laser speckle-photography for analyzing speckle-images of turbulent flows with the use of integral Erbeck–
Merzkirch transforms have been analyzed.
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Introduction. One of the most popular classes of optical methods of investigation of flows is the class of so-
called "transillumination" methods in which the probing radiation is transmitted through the entire volume of the in-
vestigated inhomogeneity. Among them are:

a) all kinds of interferometry, including reference beam interferometry, shearing, holographic, Talbot, and
speckle interferometry [1];

b) the whole spectrum of shadow methods, from color-shadow methods to speckle interferometry [2];
c) probing of the investigated medium with the use of various laser sources, including spectrographs [3], etc.
Many of these methods are also referred to as the flow visualization technique, which underscores the quali-

tative character of diagnostics "by transillumination" rather than the quantitative one [1]. The main difficulty of quan-
titative interpretation of data therewith is the interpretation of the obtained information on the entire optical path of the
probing radiation. For two-dimensional laminar flows, methods for quantitative processing of integral data with the use
of the Abel transform have been developed [4–6]. Note that even for such flows the solution of the inverse Abel
transform belongs to the class of ill-posed problems of mathematical physics.

Despite the fact that mathematical methods for solving such problems have been developed fairly well, in the
quantitative interpretation of optical images obtained "by transillumination" the solution instability calls for a higher ac-
curacy of recording primary experimental data, determining the urgent needs of digital (electrical) recording of images
obtained [6, 7]. The difficulties of quantitative interpretation of data grow immeasurably in analyzing turbulent flows.
For instance, the integral of the optical disturbance along the optical path will incorporate the fluctuating component

Δn = 
1
L

 ∫ 
0

L

(�n� − n∞) ds + 
1
L

 ∫ 
0

L

n′ ds .

This fact determines the main difficulties of quantitative interpretation of images "by transillumination" on going to the
analysis of turbulent flows.

Integral Abel Transform. Consider a particular case of laser probing of an axisymmetric medium whose pa-
rameters at each point are described by the function f(r) (see Fig. 1).

Write the probing result in the form

F (y) = ∫ 
−∞

∞

f (r) dx .
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Replacing dx = 2rdr√⎯⎯⎯⎯⎯r2 − y2 , we obtain the relation between the functions F(y) and f(r) in terms of the standard Abel
transform

F (y) = A ⎧⎨⎩f (x)
⎫
⎬
⎭ = 2 ∫ 

y

∞
f (r) rdr

√⎯⎯⎯⎯⎯r2 − y2
 ,

which admits the inversion

f (r) = A
−1

 ⎧⎨⎩F (y)⎫⎬⎭ = − 
1
π

 ∫ 
r

∞
dF
dy

 
dy

√⎯⎯⎯⎯⎯y2 − r2
 .

In recording the angle of deviation in the first approximation, for small angles of deviation we can assume εy(r)

= 
∂
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The inversion of this transform is of the form

n (r) = − 
n∞
π

 ∫ 
r

∞ εy (y) dy

√⎯⎯⎯⎯⎯y2 − r2
 = n∞ A 

⎧
⎨
⎩

εy (y)
y

⎫
⎬
⎭
 .

Taking account of the inevitable experimental errors, we replace the integral Abel transform by its estimate

n~ (r) = − 
n∞
π

 ∫ 
r

∞ (εy (y)  + σε) dy

√⎯⎯⎯⎯⎯y2 − r2
 = n∞ A~ 

⎧
⎨
⎩

εy (y) + σε
y

⎫
⎬
⎭
 .

Such a form of writing reflects, in part, the influence of turbulent pulsations on the integral of the optical path, but
provides no possibilities for obtaining quantitative information on the laws of turbulence. Examples of successful re-
structuring of the temperature fields in laminar axisymmetric flows can be found in a number of works using various
optical methods [1, 2, 4–10].

Uberoi and Kovasznay Approximation. One of the first works in which an attempt at quantitative process-
ing of direct-shadow images of turbulent flows was made is publication [11]. In this work, collimated radiation from

Fig. 1. Geometry of the laser probing of an axisymmetric object in recording the
angles of deviation of the probing radiation: a) laminar flow, b) turbulent flow.
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a flash lamp [12] was directed onto a plane turbulent flow and the direct-shadow picture was recorded in the near-
field diffraction region lying before the first caustics of quasi-lenses formed by small-scale turbulent pulsations (see
Fig. 2). The aim of shadow picture processing was to construct a two-dimensional correlation function of the optical
density field (blackening) on the image plane with a three-dimensional correlation density function in the investigated
turbulent flow. Determining, as in considering the Abel integral, the coordinate x along the direction of the probing
radiation beams, we shall describe the image plane by coordinates (y′, z′) and the flow region by coordinates (x, y, z).

For the isotropic field, the correlation density function will have the form

�ρ (Δr) = �ρ (r)⋅ρ (r + Δr)� = �ρ (x, y, z)⋅ρ (x + Δx, y + Δy, z + Δz)� .

Likewise, we define also the correlation functions of fluctuations of the refractive index in the turbulent flow

�n (Δr) = �n (r)⋅n (r + Δr)� = �n (x, y, z)⋅n (x + Δx, y + Δy, z + Δz)� .

The blackening density of the image of the direct-shadow picture T(y, z) is proportional to the integrals along the optical
path of the second spatial der ivatives of the density in the investigated turbulent flow

T (y′, z′) = 
LK

ρ∞
 ∫ 
0

L ⎛
⎜
⎝

⎜
⎜
∂2

∂y
2 + 

∂2

∂z
2

⎞
⎟
⎠

⎟
⎟
 ρ (x, y, z) dx .

Accordingly, we seek the correlation function of the image optical density in the form

�T (Δy′, Δz′) = �T (y′, z′)⋅T (y′ + Δy′, z′ + Δz′)� = �T (y′, z′)⋅T (y1′ , z1
′ )� ,

where the coordinates y1′  = y′ + Δy ′, z1′  = z′ + Δz′. With this notation

�T = �⎛
⎜
⎝

LK
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⎞
⎟
⎠

2
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⎜
⎝

⎜
⎜
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∂y
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∂z
2

⎞
⎟
⎠

⎟
⎟
 
⎛
⎜
⎝

⎜
⎜
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2 + 

∂2

∂z1
2

⎞
⎟
⎠

⎟
⎟
⋅ρ (x, y, z)⋅ρ (x1, y1, z1) dx dx1� .

As a result of complicated manipulations and a number of simplifying assumptions, Uberoi and Kovasznay obtained
the relation

�ρ (r) = 
1

8πL
 
⎛
⎜
⎝

ρ∞
KL

⎞
⎟
⎠
 ∫ 
r

∞

�T (τ) 
⎡
⎢
⎣
τ 

2r
2
 + τ2

r
 cos

−1
 
⎪
⎪
⎪

r

τ
⎪
⎪
⎪
 − 3τ (τ2

 − r
2)1

 ⁄ 2⎤
⎥
⎦
 dτ .

Fig. 2. Geometry of obtaining direct-shadow images in experiments of Uberoi
and Kovazhnay [11]: 1) probing radiation; 2) turbulent flow; 3) plane of ob-
servation of the shadow pattern; 4) focusing coustics of the probing radiation
on small-scale turbulent pulsations.
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Let us write this transform in the symbolic form

�ρ (r) = UK 
⎧
⎨
⎩
�T (τ)⎫⎬

⎭
 ,

where UK is the integral Uberoi–Kovasznay transform.∗ Here r2 = x2 + y2 + z2; τ2 = (y′)2 + (z′)2.
Thus, as in the case of the laminar axisymmetric flow, the reconstruction of the three-dimensional correlation

density function by the experimentally measured two-dimensional density function of the image reduces to the calcu-
lation of the inverse integral transform and belongs to the class of ill-posed problems of mathematical physics. Prob-
ably, exactly this fact impeded the use of the integral Uberoi–Kovasznay transform for many years — until the advent
of digital imaging systems. Calculations are considerably simplified in defining the form of the correlation functions.
For instance, if the three-dimensional correlation density function is represented in the Gaussian form with one mi-

croscale of density fluctuations in the turbulent flows as 
�ρ(r)
�ρ(0)

 = exp 
⎛
⎜
⎝
−

r

λtρ

⎞
⎟
⎠
, then the correlation function of the

image in the first approximation will be written as follows: 
�T(τ)
�T(0)

 = 
⎡
⎢
⎣
1 − 2

⎛
⎜
⎝

τ
λtρ

⎞
⎟
⎠

2
 + 

1

2

⎛
⎜
⎝

τ
λtρ

⎞
⎟
⎠

4⎤
⎥
⎦
 exp 

⎡
⎢
⎣
−

τ
λtρ

⎤
⎥
⎦
. In so doing,

the whole procedure of quantitative image processing is reduced to the determination of one unknown — the mi-

croscale of turbulence λt. Figure 3 illustrates the different character of the behavior of correlation functions at such an

approximation. Small-scale turbulence in the experiment of [11] was created in a layer of mixing of seven transonic
jets flowing through a projectile with large holes called by the authors "Swiss cheese." The scales of turbulent flow

were determined by the correlation function of image blackening: for macroscale Λtρ = ∫ 
0

∞
�T(τ)dτ

�T(0)
; for microscale λtρ

2  =

−2
�T(0)

�T
′′(0)

. For the microscale of turbulence the estimate λtρ = 300 μm was obtained. Using the dependence 2λtU
2  ⁄ λtρ

2

= Pr and assuming the value of the Prandtl number for air 0.7, we estimate the microscale of turbulent pulsations of
velocity as λtU = λtρ = 180 μm. For comparison with thermoanemometric data, additional experiments were per-

formed. In this case, small-scale turbulence was created in a free jet flowing around a nichrome net with a diameter
of fibers 0.8 mm spaced at 6.2 mm. In this case, the microscale of turbulence, according to the analysis of the direct-
shadow picture, was λtρ = 1.45 mm, and according to the thermoanemometric data it was equal to 1.23 mm. Note that

the microscale of turbulence reconstructed upon integration of the spectral distribution of temperature pulsations ob-
tained from the thermoanemometric data equaled 8.5 mm.

∗In the original work of Uberoi and Kovasznay [11], this integral transform is classified as a Fourier–Bessel transform
with reference to the hardly available Kovasznay work of 1949 [13].

Fig. 3. Normalized Gaussian correlation functions of the direct-shadow image
(1) and density (2) in the turbulent flow.
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Thus, the early experiments conducted by Uberoi and Kovasznay [11] have shown that in principle quantita-
tive interpretation of optical images for turbulent flows is possible. The integral transform obtained and used in this
work places stringent requirements upon the accuracy of optical data processing. Analogous approaches are also fully
realized at present in digital processing of obtained images.

Erbeck–Merzkirch Integral Transform. Following the methodology of Uberoi and Kovasznay, Erbeck and
Merzkirch established the relation between the two-dimensional correlation functions of angles of deviation of the
probing radiation and the three-dimensional density function in a turbulent flow [14]. The angles of deviation were de-
termined, in deriving these relations, by solving, the eikonal equation [7]

d
ds

 
⎛
⎜
⎝
n 

dr
ds

⎞
⎟
⎠
 = grad (n)

and its equivalent system of Weyl differential equations [15]

d
2
x

dz
2 = 

⎧
⎨
⎩
1 + 

⎛
⎜
⎝

dx

dz

⎞
⎟
⎠

2

 + 
⎛
⎜
⎝

dy

dz

⎞
⎟
⎠

⎫
⎬
⎭
 
⎧
⎨
⎩

∂n

n∂x
 + 

dx

dz
 
∂n

n∂z

2⎫
⎬
⎭
 ,

d
2
y

dz
2 = 

⎧
⎨
⎩
1 + 

⎛
⎜
⎝

dx

dz

⎞
⎟
⎠

2

 + 
⎛
⎜
⎝

dy

dz

⎞
⎟
⎠

⎫
⎬
⎭
 
⎧
⎨
⎩

∂n

n∂y
 + 

dy

dz
 
∂n

n∂z

2⎫
⎬
⎭
 .

The angle of deviation of the probing radiation can be given by a vector on the observation plane (y′, z′) or in a sys-
tem of "digital" coordinates (p, q) which can be turned by angle γ with respect to (y′, z′), as is shown in Fig. 4:

εε (y′, z′) = εyi′ + εzj′ = εpi + εqj .

Here (p) and (q) are counted in pixels. Let us write the correlation functions in this coordinate system:

�εp
 (Δτ) = �εp (τ)⋅εp (τ + Δτ)� = �εp (p, q)⋅εp (p + Δp, q + Δq)� ,

�εq
 (Δτ) = �εq (τ)⋅εq (τ + Δτ)� = �εq (p, q)⋅εq (p + Δp, q + Δq)� .

The parallel and perpendicular correlation functions are defined as follows:

�εp� (Δτ) = �εp (p, q)⋅εp (p, q + Δq)� ,     �εp� (Δτ) = �εp (p, q)⋅εp (p + Δp, q)� ,

�εq� (Δτ) = �εq (p, q)⋅εq (p + Δp, q)� ,     �εq� (Δτ) = �εq (p, q)⋅εq (p, q + Δq)� .

In digital recording of angles of deviation by means of a CCD matrix, the coordinates (p, q) can be interpreted as
integers defining the pixel number in the matrix along the corresponding coordinate. In this case, the correlation
functions can be calculated by summing up the series

Fig. 4. Coordinate systems for calculating the correlation functions of the an-
gles of deviation of the probing radiation.
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�εp� (Δτ) = �εp� (Δq) = 
1

M − Δq
  ∑ 
Δq=1

M−Δq

 �εp (p, q)⋅εp (p, q + Δq)� ,

�εp� (Δτ) = �εp� (Δp) = 
1

M − Δp
  ∑ 
Δp=1

M−Δp

 �εp (p, q)⋅εp (p + Δp, q)� ,

�εq� (Δτ) = �εq� (Δq) = 
1

M − Δq
  ∑ 
Δq=1

M−Δq

 �εq (p, q)⋅εq (p, q + Δq)� ,

�εq� (Δτ) = �εq� (Δp) = 
1

M − Δp
  ∑ 
Δp=1

M−Δp

 �εq (p, q)⋅εq (p + Δp, q)� .

In this coordinate system, the correlation density function will still be scalar

�ρ (Δr) = �ρ (r)⋅ρ (r + Δr)� = �ρ (p, q, s)⋅ρ (p + Δp, q + Δq, s + Δs)�

and can be calculated by summing up the series

�ρ (Δr) = 
1

(M − Δp) (M − Δq) (M − Δs)
   ∑ 
Δp=1

M−Δp

    ∑ 
Δq=1

M−Δq

    ∑ 
Δs=1

M−Δs

  ρ (p, q, s)⋅ρ (p + Δp, q + Δq, s + Δs) .

One can distinguish three scalar components of this function

�ρ (Δp) = 
1

M − Δp
  ∑ 
Δp=1

M−Δp

  ρ (p, q, s)⋅ρ (p + Δp, q, s) ,

�ρ (Δq) = 
1

M − Δq
   ∑ 
Δq=1

M−Δq

  ρ (p, q, s)⋅ρ (p, q + Δq, s) ,

�ρ (Δs) = 
1

M − Δs
   ∑ 
Δs=1

M−Δs

  ρ (p, q, s)⋅ρ (p, q, s + Δs) .

Since

εp = K ∫ 
0

L
∂ρ (p, q, s)

∂p
 ds ,     εq = K ∫ 

0

L
∂ρ (p, q, s)

∂q
 ds ,

the correlation functions for the angles of deviation of the probing radiation will be written in the form

�εp
 (Δp, Δq) = �K ∫ 

0

L
∂ρ (p, q, s)

∂p
 ds⋅K ∫ 

0

L
∂ρ (p + Δp, q + Δq, s)

∂p
 ds� ,

�εq
 (Δp, Δq) = �K ∫ 

0

L
∂ρ (p, q, s)

∂q
 ds⋅K ∫ 

0

L
∂ρ (p + Δp, q + Δq, s)

∂q
 ds� .

11



Using these relations, Erbeck and Merzkirch obtained for isotropic turbulence the following integral transforms relating
the three-dimensional correlation density function to the two-dimensional correlation function of the angles of deviation
of the probing radiation:

�εp
 (τ) = − 2K

2
L ∫ 

0

L
∂2

∂Δp
2 �ρ (√⎯⎯⎯⎯⎯⎯τ2 + Δs2) dΔs ,

�εq
 (τ) = − 2K

2
L ∫ 

0

L
∂2

∂Δq
2 �ρ (√⎯⎯⎯⎯⎯⎯τ2 + Δs2) dΔs .

Note that these integral relations assume inversion by which the correlation density function can be reconstructed by
the correlation functions of the angles of deviation of the probing radiation:

�ρ (r) = 
1

πK
2
L

 ∫ 
r

∞
1

√⎯⎯⎯⎯⎯τ2 − r2
 

⎧

⎨

⎩

⎪

⎪
 ∫ 
0

τ

�εp� (τ
∗) dτ∗

⎫

⎬

⎭

⎪

⎪
 dτ ,     �ρ (r) = 

1

πK
2
L

 ∫ 
r

∞
1

√⎯⎯⎯⎯⎯τ2 − r2
 

⎧

⎨

⎩

⎪

⎪
 ∫ 
0

τ

�εq�
 (τ∗) dτ∗

⎫

⎬

⎭

⎪

⎪
 dτ ,

�ρ (r) = 
τ

πK
2
L

 ∫ 
r

∞ �εp�dτ

√⎯⎯⎯⎯⎯τ2 − r2
 ,     �ρ (r) = 

τ

πK
2
L

 ∫ 
r

∞ �εq�dτ

√⎯⎯⎯⎯⎯τ2 − r2
 .

Let us denote these integral Erbeck–Merzkirch relations for the sake of brevity similarly to the above Abel and Uberoi–
Kovasznay relations:

Fig. 6. Correlation functions of the density (1, 2) and the angles of deviation
of the probing radiation (3) according to the data of direct numerical simula-
tion of the laser radiation propagation through a turbulent medium.

Fig. 5. Examples of isolines of the angles of deviation of the probing radiation
reconstructed for various cross-sections of the turbulent flow by the method of
digital laser speckle photography.
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�ρ (r) = EM 
⎧
⎨
⎩
�ε (τ)

⎫
⎬
⎭
 .

Note that the reconstruction of the three-dimensional correlation density function by the data on the
distr ibution of angles of deviation of the probing radiation is, as before, an ill-posed problem of mathematical
physics and, therefore, such a reconstruction requires a high accuracy of exper imental data recording. As in using the
integral Uberoi–Kovasznay transforms, in this case analytic relations for  correlation functions in which Kolmogorov
microscales of turbulence appear  turn out to be useful. In using the Gauss law for  the correlation density function
�ρ(r)
�ρ(0)

 = exp 
⎛
⎜
⎝
−

r

λtρ

⎞
⎟
⎠
, the correlation functions for the angles of deviation of the probing radiation are defined as

�ε� (τ)
�ε� (0)

 = exp 
⎛
⎜
⎝

⎜
⎜
− 
⎛
⎜
⎝

τ
λtρ

⎞
⎟
⎠

2
⎞
⎟
⎠

⎟
⎟
 ,   

�ε� (r)
�ε� (0)

 = 1 + 2 
⎡
⎢
⎣

τ
λtρ

⎤
⎥
⎦

2

 exp 
⎡
⎢
⎣

⎢
⎢
− 
⎛
⎜
⎝

τ
λtρ

⎞
⎟
⎠

2⎤
⎥
⎦

⎥
⎥
 − 4 

⎡
⎢
⎣

τ
λtρ

⎤
⎥
⎦

4

 exp 
⎡
⎢
⎣

⎢
⎢
− 
⎛
⎜
⎝

τ
λtρ

⎞
⎟
⎠

2⎤
⎥
⎦

⎥
⎥
 .

Figure 5 shows the isolines of the angles of deviation of the probing laser radiation for various turbulent flow
cross-sections obtained in analyzing the digital speckle image [16]. The accuracy of reconstruction of the correlation
function by such measurement data is illustrated in Fig. 6 according to the data of direct numerical simulation of the
laser radiation propagation through a turbulent medium [17]. Comparison of curve 1 to the initial phantom distribution
2 points to a high accuracy of determination of microscales of turbulence, whereas in determining macroscales the er-

Fig. 7. Initial (phantom) correlation density function (a) and functions recon-
structed with the use of the Erbeck–Merzkirch integral transform [b) without su-
perposition of additional experimental noise, c) with superposition of 5% noise].
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rors increase. The same tendency for an increase in the error in determining the macroscale of turbulence was also
noted in the early experiments of Uberoi and Kovasznay.

Figure 7 illustrates the form of the initial correlation function (a) and of those reconstructed with the use of
the "exact" data of direct numerical simulation (b) and upon superposition of random 5% errors on the experimental
data in image processing (c). As is seem from these data, artefacts arise already upon superposition of small experi-
mental errors. At the same time, the form of the correlation function near the origin of coordinates remains unaltered,
which makes it possible to determine with a good accuracy the microscales of turbulence. A number of recent works
[18, 19] have been devoted to the experimental illustration of this fact.
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NOTATION

A�f(x)�, integral Abel transform; A−1�F(y)�, inverse integral Abel transform; A
~, estimate of the integral Abel

transform; EM, integral Erbeck–Merzkirch transform; K, Gladstone–Dale constant, m3 ⁄ kg; L, optical path of the prob-
ing radiation, m; M, number of pixels in the CCD matrix array; n, optical refractive index of the medium; Pr, Prandtl
number; T(y, z), optical density of the image; UK, integral Uberoi–Kovasznay transform; U, velocity, m ⁄ sec; (x, y, z),
(x′, y′, z′) linear spatial coordinates, m; (p, q, s), spatial coordinates on the CCD matrix in the image plane, py; r, ra-
dius vector in the physical region; εy, angle of deviation of the probing radiation along the y axis as a result of re-
fraction, rad; λt, Kolmogorov turbulence microscale, mm; λtρ and λtU, Kolmogorov turbulence microscales calculated
for the density and velocity, respectively, mm; ρ, density, kg ⁄ m3; τ, radius vector in the image plane; σε, experimental
error in determining the angle of deviation of the probing radiation; �ρ(Δr), autocorrelation density function in the tur-
bulent flow; �n(Δr), autocorrelation function of the refractive index in the turbulent flow; �T(Δy′, Δz′), autocorrelation
density function of the image in its plane; �εp�, autocorrelation function of the p-component of the angle of deviation
of the probing radiation calculated in the perpendicular direction; �εp�, autocorrelation function of the p-component of
the angle of deviation of the probing radiation calculated in the longitudinal direction; �εq�, autocorrelation function of
the q-component of the angle of deviation of the probing radiation calculated in the longitudinal direction; �εq�, auto-
correlation function of the q-component of the angle of deviation of the probing radiation calculated in the perpendicu-
lar direction. Subscripts: ∞, parameters in the undisturbed region; t, turbulence.
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